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Question 1: [5 marks]

(a) Find a recurrence relation for the number of ways to climb n stairs, n > 0, if the person
climbing the stairs can take one, two, or three stairs at a time.

Answer:
Let a, be the number of ways to climb n stairs. For n > 3, we have

(p = Qp—1 + Qp—2 + Qp—3.

(b) What are the initial conditions?

Answer:

aozl,a1 :1,a2:2.

(c) How many ways can this person climb a flight of eight stairs?

Answer:

a3:4,a4:7,a5:13,a6:24,a7:44,a8:81.
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Question 2: [5 marks]

Let n = 2™, where m = 2% for & > 0. Now suppose that some function f satisfies the
recurrence relation f(n) = 2f(y/n) + logy n, with f(2) = 1.

Answer:
(i) Compute f(16).

F16) = 2f(4) +4=2(2f(2) +2) + 4 = 4f(2) + 4+ 4 = 12.

Answer:

(ii) Solve the recurrence relation for f(n).

Since n = 2™, \/n = n'/? = 2™/2_and log, n = m, we have:

@™ = 22" +m
22f(2"%) + (m/2)] + m
22 £(2™/%) 4 2m
22[2f(2™%) + (m/4)] + 2m
23 £(2™/%") 4 3m
= P2£2™") + (m/8)] + 3m
= 24727 4 am

= 22" 4 km
= mf(2) + mlog, m
= log,n + log, n - log, log, n.
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Question 3: [5 marks]

(a) List all relations on the set {0, 1}.

Answer:

1. 0 9. {(0,1),(1,0)}

2. {(0,0)} 10. {(0,1),(1,1)}

3. {(0,1)} 11. {(1,0),(1,1)}

4. {(1,0)} 12. {(0,0),(0,1),(1,0)}

5. {(1,1)} 13. {(0,0),(0,1),(1,1)}

6. {(0,0),(0,1)} 14. {(0,0),(1,0),(1,1)}

7. {(0,0),(1,0)} 15. {(0,1),(1,0),(1,1)}

8. {(0,0),(1,1)} 16. {(0,0),(0,1),(1,0),(1,1)}

(b) Of the relations listed in part (a), identify

Answer:

(i) two nonempty reflexive relations

The relations 8, 13, 14, 16 are all reflexive.
(ii) two nonempty irreflexive relations

The relations 1, 3, 4, 9 are all irreflexive.
(iii) two nonempty symmetric relations

The relations 1, 2, 5, 8, 9, 12, 15, 16 are all symmetric.
(iv) two nonempty antisymmetric relations

The relations 1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 13, 14 are all antisymmetric.
(v) two nonempty asymmetric relations

The relations 1, 3, 4 are all asymmetric.
(vi) two nonempty transitive relations

The relations 1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 13, 14, 16 are all transitive.
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Question 4: [5 marks]

(a) Let R be a relation on a set of cities {a,b,c,...}. The pair (a,b) is in R if and only if
there is a direct non-stop airline flight from city a to city b. When is (a, b) in

Answer:

(i) R??

The pair (a,b) is in R? if and only if there is a city ¢ such that the pairs (a,c) and (c,b) are both in
R.

(i) R*?

The pair (a,b) is in R? if and only if there are cities ¢ and d such that the pairs (a,c), (¢, d), and
(d,b) are all in R.

(i) R*?

The pair (a,b) is in R* if it is possible to fly from a to b.

(b) If a relation R is reflexive, is R* necessarily reflexive? Explain your answer.

Answer:

Since R C R*, then clearly whenever (a,a) € R it is also the case that (a,a) € R*. If R is reflexive,
then so is R*.

(c) If a relation R is irreflexive, is R? necessarily irreflexive? Explain your answer.

Answer:

Not necessarily. For example, if R = {(a,b), (b,a)}, then R? will contain the pair (a, a).




