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Question 1: [5 marks]

A bowl contains ten red balls and ten blue balls. You select balls at random without looking
at them (the selected balls are taken out of the bowl and not replaced).

Answer:

(i) How many balls must you select to be sure of having at least three balls of the same color? Justify
your answer.

Hint: Use the pigeonhole principle.

(ii) How many balls must you select to be sure of having at least three blue balls? Justify your
answer.
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Question 2: [5 marks]

Answer the following questions, justifying your answer in each case. How many strings of
six lowercase letters of the 26-letter English alphabet contain

Answer:

(i) the letter a, at least once?

(ii) the letters a and b, each at least once?

(iii) the letters @ and b in consecutive positions, such that a immediately precedes b, and all the
letters of the string (including a and b) are distinct?

(iv) the letters a and b, where a is somewhere to the left of b in the string, and all the letters of the
string (including a and b) are distinct?
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Question 3: [5 marks]

(a) Let n, r, and k be nonnegative integers, where r < n and k < r. Prove the identity:
C(n,r) x C(r,k) =C(n, k) x C(n —k,r — k).

Hint: Expand the two sides of the identity.

Answer:

(b) Let p be a prime and k and integer such that 1 < k < p—1. Show that p divides C(p, k).

Hint: Show that p divides the numerator, but not the denominator.

Answer:
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Question 4: [5 marks]

(a) How many different ways are there to choose 12 donuts from the 21 varieties at a donut
shop? You can assume that the shop has at least 12 donuts of each variety available. Justify

your answer.

Answer:

(b) How many strings of 20 decimal digits are there that contain two 0s, four 1s, three 2s,
one 3, two 4s, three 5s, two 7s, and three 9s? Justify your answer.

Answer:




