AN ALGORITHMIC MODEL FOR REAL TIME COMPUTATION^�

Selim G. Akl^y

August 5, 2002

Abstract

A general framework is proposed for the study of real-time algorithms. The framework unifies previous algorithmic definitions of real-time computation. In it, state space traversal is used as a model for computational problems in a real-time environment. The proposed framework also employs a paradigm, known as discrete steepest descent, for algorithms designed to solve these problems. Sequential and parallel algorithms for traversing a state space by discrete steepest descent are then analyzed and compared. The analysis measures the value (or worth) of a computed solution. The quantity used in the evaluation may be the time required by an algorithm to reach the solution, the quality of the solution obtained, or any similar measure. The value of a real-time solution obtained in parallel is shown to be consistently superior to that of a solution computed sequentially by an amount superlinear in the size of the problem.

Keywords and phrases: real-time computation, state space traversal, discrete steepest descent, parallelism, superlinear speedup, superlinear quality-up.

1 Introduction

Several theoretical studies have lately compared the behavior of sequential algorithms to that of their parallel counterparts in a real-time computational environment. Two criteria were used to assess the performance of these algorithms:

1. Running time: The primary purpose of parallel computation is to perform time-consuming computations faster than is possible sequentially. Parallel algorithms are evaluated using the speedup that they achieve over their sequential counterparts. This measure of performance is defined as follows. Let T_1 be the time required (in the worst case) by the best sequential algorithm for solving the problem at hand. Similarly, let T_n be the time required (also in the worst case) by the n-processor parallel algorithm being evaluated, where n > 1. Denoting the speedup by speedup(1, n), we have:

speedup(1, n) =

T_1 T_n . A number of real-time computations have been described recently in the literature for which speedup(1, n) is superlinear in n. Examples include data-accumulating computations [5, 11, 12, 22, 23, 24], computations with multiple data streams [5, 16], and computations involving one-way functions [2, 5]. In these computations, speedup(1, n) is typically on the order of n^x, or even x^n, for some x > 1.

2. Solution quality: A second equally important motivation for using parallel computation is that a solution to a problem computed in parallel can in some circumstances be better than that obtained

�This research was supported by the Natural Sciences and Engineering Research Council of Canada. ySchool of Computing, Queen’s University, Kingston, Ontario, Canada K7L 3N6 (akl@cs.queensu.ca).

sequentially. The improvement in the quality of a solution is measured by a ratio known as the qualityup [4]. Let V_1 be the value of the solution to the problem obtained sequentially. Similarly, let V_n be the value of the solution to the same problem obtained in parallel using n processors. Then

quality-up(1, n) = V_n V_1 . As with speedup, it was shown over the last few years that within the real-time mode of computation, some classes of problems have the property that a solution to a problem in the class, when computed in parallel, is far superior in quality when compared to the best solution obtained on a sequential computer. Specifically, quality-up(1, n) in these cases is superlinear in n. Evidently, what constitutes a better solution depends on the problem under consideration. Thus, for example, ‘better’ means ‘closer to optimal’ for optimization problems [3, 6, 18, 27, 28], ‘more accurate’ for numerical problems [7], and ‘more secure’ for cryptographic problems [8].

Different models of computation were used to develop the parallel solutions described in the cited references. They include the linear array [21], the reconfigurable multiple bus model [32], and the parallel random-access machine [1]. Furthermore, and partly as a consequence of the particular choice of a computational model, the parallel algorithms used by previous studies varied widely in their design.

This paper proposes a generalization of these earlier efforts. Specifically, four aspects of real-time computation are generalized:

1. State space traversal is used as a general framework for the computation to be performed (that is, the problem to be solved).

2. Discrete steepest descent is used as a general paradigm for the algorithm to be applied when solving the problem at hand.

3. The model of a parallel computer is as general as can be for our purpose: Any model that is able to compute the minimum of n values using n processors in time that grows as the logarithm of n could be adopted.

4. The number of stages traversed in going from the initial to the final state of the computation measures the value or worth of a solution.

Sequential and parallel algorithms for traversing a state space by discrete steepest descent are analyzed and compared. The analysis measures the value (or worth) of a solution, which may be the time required by an algorithm to reach such solution, or the quality of the solution obtained, and so on. The value of a real-time solution obtained in parallel is shown to be consistently superior to that of one computed sequentially.

The remainder of this paper is organized as follows. We begin in Section 2 by providing a broad definition of real-time-computation from an algorithmic point of view. Section 3 introduces state space traversal as a computational framework along with an interpretation of such a framework within a real-time environment. The algorithmic paradigm to be applied to the solution of problems within state space traversal, namely, discrete steepest descent, is defined in Section 4. Section 5 outlines the characteristics required for sequential and parallel computer models to be used for the design of algorithms. Sequential and parallel solutions to the problem of state space traversal by discrete steepest descent in real time are designed and analyzed in Sections 6. Some conclusions are offered in Section 7.

2 What is real-time computation?

The notion of real time is an intuitive one. The term evokes simultaneity, liveness, and immediacy; it even conveys a sense of urgency and the need for an instantaneous action. Yet, real-time computation is difficult to capture. The numerous definitions in the literature attest to this fact [13]. One reason for this situation is the fact that, in today’s fast-paced society where computers can perform billions of operations per second, every computation seems to be performed in real time. Whether we are dealing with a bank machine or running a flight simulator, we have become accustomed to expect the result of our computations now.

In a recent textbook on the subject [19], the authors acknowledge the difficulty in delineating what computations to characterize as real-time ones. They proceed to define real-time computations as those computations in which failure to produce the answers after a certain time would be catastrophic, involving loss of human life.

This paper avoids the extremes of the previous two paragraphs. Our working definition of real-time computation is an algorithmic one. It can be adapted to apply at any point on the above spectrum, depending on the circumstances and requirements of a particular application.

2.1 An algorithmic definition

In real-time computation all the data required by an algorithm are not available when it starts working on the problem to be solved. Instead, the algorithm receives its data from an external source, one or several at a time, during the computation, and must incorporate the newly arrived inputs in the solution obtained so far.

A fundamental property of real-time computation is that certain operations must be performed by specified deadlines. Thus, one or more of the following conditions may be imposed:

1. Each received input (or set of inputs) must be processed within a certain time after its arrival.

2. Each output (or set of outputs) must be returned within a certain time after the arrival of the corresponding input (or set of inputs).

In some applications these deadlines may be crucial, especially (as pointed out earlier) when human lives are at stake.

In this paper, we make the following assumptions:

1. A time unit is the length of time required by an algorithm to read a constant number of fixed-size data from the input, perform a fixed-number of constant-time operations (such as adding two numbers, comparing two numbers, and so on), and produce a constant number of fixed-size data as output.

2. Time is divided into intervals. Each time interval is T time units long, where T depends on a number of factors, including the problem being solved, the environment in which the computation is performed, and the timeliness requirements imposed by the application.

3. The external source provides at most N new data at the beginning of each time interval, where N also depends on the problem being solved.

4. Based on its calculations, the algorithm for solving the problem at hand can direct the external source as to which data to provide when the next batch is to be sent. Should the algorithm not issue such directions, the external source selects the inputs by itself and sends them to the algorithm.

5. All deadlines are tight, that is, they are measured in terms of one time interval, and they are firm, meaning that missing a deadline causes the computation to fail.

The foregoing is a high-level description of real-time computation from an algorithmic point of view. In the following sections we elaborate this quite general definition into a detailed model that encompasses the various aspects of real-time computation. Specifically, these aspects are the problem to be solved (Section 3), the algorithm for solving this problem (Section 4), the computers on which this problem is to be solved (Section 5), and the criterion used to analyze the solution (Section 6).

It is important to emphasize that (to the best of our knowledge) the model proposed in this paper is the first general algorithmic approach to modeling real-time computation. The only previously-known general model of real-time computation is the complexity-theoretic one described in [15]. The latter uses formal languages and, by contrast to the one presented here, is not concerned with modeling algorithms. Its purpose is to establish upper and lower complexity bounds on real-time computations.

3 Modeling real-time problems

We begin by introducing state space traversal as a general computational framework. We then apply this framework to develop a model of the problem of computing in a real-time environment.

3.1 State space traversal

A certain computation has the following characteristics:

1. There is an initial configuration of data called the START state and a goal configuration called the FINISH state. These two states are distinct and well defined for a given instance of the problem to be solved.

2. It is required to go from the START state to the FINISH state by a series of transformations. This takes the data through a sequence of intermediate states S(1), S(2), . . ., S(m), where 1 ≤ m ≤ M, for some positive integer M. For convenience, we denote the START state in what follows by S(0). We also use a sequence r(0), r(1), . . ., r(m), in which r(i) is the index of the state selected (perhaps among several) to be S(i). Evidently, r(0) = 0.

3. Each of the states S(i), 1 ≤ i ≤ m, is obtained as follows. Beginning at S(0), n states can be reached, denoted by a_{r(0),1}(1), a_{r(0),2}(1), . . ., a_{r(0),n}(1), where n is a positive integer larger than 1. From among these states, one is selected as S(1), say a_{r(0),k}(1), where 1 ≤ k ≤ n. Thus, r(1) = k. Now, starting at S(1), n new states can be reached, namely, a_{r(1),1}(2), a_{r(1),2}(2), . . ., a_{r(1),n}(2), and one of these is chosen as S(2). This continues until S(m) is selected among a_{r(m−1),1}(m), a_{r(m−1),2}(m), . . ., a_{r(m−1),n}(m). Now S(m) leads directly to FINISH. This is illustrated in Fig. 1.

Figure 1: State space traversal.

4. The sequence S(1), S(2), . . ., S(m) satisfies the following properties:

(a) Regardless of how S(i) is selected, 1 ≤ i ≤ m, a sequence of transformations always exists that leads from START to FINISH.

(b) The value of m is neither a constant, nor is it known in advance. For some choices of S(i), the sequence S(1), S(2), . . ., S(m) may be longer or shorter than for other choices. However, m is at least 1 and at most M, for some given positive integer M (as stated earlier).

(c) A function d(x, y) measures the distance from one state x to another state y as the number of intermediate states on a shortest path from x to y. Suppose that for some i, where 2 ≤ i ≤ m, the same rule is used to obtain S(i − 1) and S(i). Then, regardless of how S(i − 1) and S(i) are computed, S(i) is guaranteed to be closer to FINISH than S(i − 1), for i ≥ 2, that is, d(S(i), FINISH) < d(S(i − 1), FINISH). In other words, the structure of the problem is such that, when one moves from state S(i − 1) to state S(i) the distance to the goal state is always reduced (it never stays the same or grows), provided that the algorithm used to reach S(i − 1) is also used to reach S(i). In Fig. 3.1, S(i) is closer to FINISH than S(i − 1) for i = 1, 2, . . . , m.

Henceforth, we refer to this computation as State Space Traversal (SST) [9]. Note that SST describes a computational framework (that is, a setting within which a family of computations sharing a set of properties can be defined), rather than a specific computational problem. Variants of this computational framework are discussed in Section 7. It may be helpful in what follows to think of the index i, where 1 ≤ i ≤ m, as denoting the ith stage of the state space. Thus S(i) is the state reached in the ith stage of the computation.

3.2 State space traversal in real time

In a real-time environment, SST has the same characteristics described in Section 3 with one important difference: The reachable states change as the computation proceeds. Specifically,

1. We assume that N = n and T = c_T log n, for a positive integer c_T . In a practical setting, c_T is a constant whose value depends on the particular problem being solved.

2. Each stage of the SST computation is identified with a time interval. Thus, S(i) is reached during the ith time interval, for 1 ≤ i ≤ m.

3. All but one of the states in the set {a_{r(i−1),1}(i), a_{r(i−1),2}(i), . . . , a_{r(i−1),n}(i)} that are reachable during time interval i, become unreachable during time interval i + 1 (and thereafter).

4. It is not possible to predict which states become unreachable.

5. State S(i), selected during time interval i, is the only state still reachable during time interval i + 1.

This state is determined in one of two ways as follows:

(a) Either S(i) has indeed been selected and reached by the algorithm during time interval i, (b) Or the algorithm fails to notify the source of its choice during time interval i and the external source selects S(i) arbitrarily.

6. It is the role of the external source to provide all the states reachable from S(i) during time interval i + 1.

As a result, none of the potential intermediate states a_{j,k}(i), where 1 ≤ j, k ≤ n and 1 ≤ i ≤ m, are known in advance.

With these observations, we now define the real-time version of SST:

1. At the end of time interval i, where i ≥ 1,

(a) Either the algorithm informs the external source of its choice for S(i); for example, S(i) is a_{r(i−1),j} (i), for some 1 ≤ j ≤ n, which means that r(i) = j.

(b) Or (the algorithm having failed to inform the source of its choice) the external source selects a_{r(i−1),j} (i) arbitrarily.

2. At the beginning of time interval i + 1, where i ≥ 1, the external source

(a) Makes all states a_{r(i−1),ℓ}(i), where 1 ≤ ℓ ≤ n and ℓ ≠ j, unreachable, and (b) Transmits to the algorithm all the states a_{r(i),k}(i + 1), for 1 ≤ k ≤ n, that are reachable from S(i). 3. During time interval i + 1, where i ≥ 1, S(i + 1) is selected.

Note that there are no explicit deadlines to be met. The only difference between one solution and another is the total length of time required to go from START to FINISH. An implicit deadline is imposed by the source which needs to be told, by the end of time interval i, what values to send at the beginning of time interval i + 1. Practical problems satisfying these properties are described in [10, 18, 19, 20, 31].

4 Discrete steepest descent

We begin we a simple metaphor. A skier at the top of a mountain wants to reach the valley as quickly as possible. The fastest way to accomplish this is to take the path of steepest descent. All other routes lead to the same destination but take more time.

Now back to our problem, suppose that we wish to go from START to FINISH while visiting the fewest number of intermediate states. In other words, m is to be minimized. To this end we can choose S(i), for every i, 1 ≤ i ≤ m, as follows:

1. There are at most n states, namely, a_{r(i−1),1}(i), a_{r(i−1),2}(i), . . . , a_{r(i−1),n}(i), to choose from, where 1 ≤ r(i − 1) ≤ n.

2. Among the states that can be reached, we select S(i) as a_{r(i−1),k}(i), where 1 ≤ k ≤ n, such that d(a_{r(i−1),k}(i), FINISH) is minimum.

The above approach is referred to as the Steepest Descent Algorithm (SDA). It is a discrete version of the well-known steepest descent method [30] and a variant of best-first search [29] and the greedy algorithm [17]. We assume that when SDA is used, as described above, m = m_{SDA} = n. Otherwise, m = M = Ω(2^n). In Fig. 3.1, the sequence S(1), S(2), . . ., S(m) selected by SDA is shown with thick lines. It is important to note that if for any i, i ≥ 1, S(i) is not chosen as the state for which the distance to FINISH is the smallest, then, as a result, the number of stages of the computation is at least exponential in n.

Real-time computation is an environment for which SDA is particularly suited. Suppose, for example, that the solution to a problem is obtained by making a sequence of decisions. Each decision represents a choice among several options, with each option determining how much closer one gets to the final answer, or how much better the final answer will be, and so on. If the time available for solving the problem, or for making each decision, is restricted, the importance of making the best possible decision at each step is paramount. Examples of computations with these characteristics and algorithms for solving them in real time using SDA are provided in [1]–[8], [11]–[16], and [22]–[28].

5 Computer models

In order to study the effect of parallelism on real-time state space traversal, we define two distinct models of computers for solving the problem at hand.

5.1 Sequential model

The first computer model is sequential: It consists of one processor along with some memory and internal registers. This is the standard model used in conventional algorithm analysis. Despite its familiarity, however, there are many instances of this model. To be specific, we assume in what follows that the Random Access Machine (RAM) version of the model [1] is the one used to solve the SST problem sequentially. For a given i, where 1 ≤ i ≤ m, this model requires c_S n time units, where c_S is a positive constant, in order to perform the following two steps:

1. Compute d(a_{r(i−1),j} (i), FINISH), for all 1 ≤ j ≤ n, and

2. Find the minimum of the n values computed in step 1.

Note that c_S n > T . In practice, the value of c_S depends on the specific sequential computer being used. For simplicity, we assume in what follows that c_S = c_T .

5.2 Parallel model

The second computer model is parallel: It consists of several processors, each executing its algorithm. These processors work simultaneously on the solution to a computational problem. Here, again, there are many options from which to choose. Our only requirement is that the model be able to execute steps 1 and 2 above in c_P log n time units, where c_P is a positive constant no larger than c_T . Possibly the simplest model satisfying this condition is the (complete) binary tree of processors, with n leaf processors [1]. Note here that the number of processors used by the parallel model (that is, 2n − 1) is a linear function of the size of the problem (namely, the number n of states received from the external source at the beginning of each time interval). As observed in the previous paragraph regarding c_S , the exact value of c_P depends in practice on the parallel computer that is available to carry out the computation. Again for simplicity, we assume in what follows that c_P = c_T .

Both models described use the same type of processors. In particular, the sequential processor has the same computational capabilities as each parallel processor. Furthermore, both processors run at the same speed (which we assume to be the maximum speed possible theoretically). Finally, note that we adopt for each processor the common definition of time unit, as given in Section 2.1. This is the unit traditionally used to measure the running time of an algorithm [1]. It is important to keep in mind that the length of a time unit is not an absolute quantity. Instead, the duration of a time unit is defined in terms of the speed of the processors available (namely, the single processor on the RAM and each processor on the binary tree).

6 Analysis

In this section we present and analyze two solutions, one sequential and one parallel, to the problem described in Section 3.

6.1 Sequential solution

In order to compute S(i), for any i ≥ 1, the sequential algorithm needs to determine among a_{r(i−1),1}(i), a_{r(i−1),2}(i), . . . , a_{r(i−1),n}(i) that state a_{r(i−1),k}(i), for which d(a_{r(i−1),k}(i), FINISH) is the smallest. This would require c_S n time units. However, because T = c_T log n, only log n of the n candidate states can be examined and one of them chosen as S(i). The probability that the latter is indeed a_{r(i−1),k}(i) equals log n/n. Therefore, with probability approaching 1, the number of stages required in this case to reach FINISH is Ω(2^n).

6.2 Parallel solution

For each set of states a_{r(i−1),1}(i), a_{r(i−1),2}(i), . . . , a_{r(i−1),n}(i) received from the external source at the beginning of time interval i, the parallel algorithm computes S(i) as that state a_{r(i−1),k}(i), for which d(a_{r(i−1),k}(i), FINISH) is the smallest. This requires c_P log n time units. Since T = c_T log n, and c_P = c_T , the entire computation requires n stages.

6.3 Discussion

The analyses of Sections 6.1 and 6.2 show that with overwhelming probability, the ratio of the number of stages traversed sequentially to the number of stages traversed in parallel is exponential in the number of processors used by the parallel algorithm. This suggests that the number of stages m may serve to compare the performances of the sequential and parallel algorithms, respectively. Indeed, the number of stages traversed by an algorithm can be interpreted in general as a measure of the value or worth of a computed solution. It is not difficult to see that the meaning of m can be specialized to fit the needs of a particular analysis. Thus, for example:

1. In some computational problems, we may want m to represent the running time of the solution. In these cases, a smaller number of stages means a faster and less expensive solution to compute.

2. In other circumstances, m may be related to the timeliness of a solution. A result requiring a large number of computational stages would be out-of-date in this context.

3. Finally, m may stand for the quality of a solution. Here, the value of a solution may decrease with an increasing number of stages traversed.

7 Conclusion

A general algorithmic model for real time computation was proposed. The model uses state space traversal to represent the problem to be solved, and discrete steepest descent to express the algorithm that solves the problem most effectively. The number of stages traversed in the state space is used as a criterion for measuring the worth of a computed solution. This criterion unifies the usual notions of running time, timeliness, and quality of solution used in the analysis of algorithms operating in a real-time environment.

The model can be used to study a variety of real-time computations, as illustrated by the following examples:

1. In a (communication or transportation) network it is desired to find a path from a node START to a node FINISH through other nodes in the network. The intermediate nodes become, or cease to be, available throughout the computation. A shortest path can be found by applying a greedy algorithm.

2. It is often required to locate an entity that is moving on some terrain or through space. Sensors and other tracking devices measure the distance to the moving entity of different points on the terrain.

3. A region on Earth (where an emergency has occurred) is to be identified using satellite images. Given an image of a large area, a pattern recognition algorithm can repeatedly narrow down the search to a smaller area of the image and request the satellite to zoom in on that area and provide a new image.

4. An object needs to be classified into one of several classes based on n features. Initially, n classes c_1, c_2, . . . , c_n are specified. The value of the first feature is used to place the given object into the most appropriate class c_i, 1 ≤ i ≤ n, among the n initial classes. Given this choice, the classification is further refined: A value for a second feature of the object is now obtained, along with specifications of n subclasses c_{i1}, c_{i2}, . . . , c_{in} of c_i. The value of this new feature allows the object to be assigned to the best-matching subclass c_{ij} , 1 ≤ j ≤ n. This continues until all features have been used.

We conclude with a few observations and suggestions for future work.

1. The state space defined in Section 3 has two characteristics: Every state has n successor states and there is always a path from any state to the FINISH state. Both of these assumptions were made to simplify the analysis. The first assumption guarantees that all paths will offer the same computational challenge to every algorithm. The second assumption guarantees that all algorithms (particularly those not using steepest descent) will be able to obtain a solution. Clearly, both of these conditions can be easily lifted, leading to a more general definition of the state space.

2. The FINISH state, as defined in Section 3, may be interpreted incorrectly as representing the end of the computation. This, of course, is not the case in practice: In a typical real-time application, the computation is infinite (for all practical purposes), in the sense that data do not cease to arrive (for long periods of time) and the computation is regarded as running indefinitely. One should therefore view the FINISH state as the START state of the following phase of a continuing computation.

3. In Section 3.2 we assumed that the length of a time interval, namely T , is c_T log n time units, for a positive integer c_T . The value of T is the implicit deadline in the computation: At the end of the ith time interval the algorithm must inform the external source of its choice for S(i). It may be argued that in some applications such a time interval is too long for large values of n and hence the computation may not qualify as being performed in ‘real time’. This point is a valid one: While in most real-life computations the size of the problem does not grow without bound (and therefore log n is usually very small for all practical purposes), it is indeed true that in many circumstances a tighter deadline (in fact a constant-time one) may be required. We note here that our choice of T = c_T log n was motivated by a desire to use as weak a model of parallel computation as possible while still obtaining a reasonable performance (the idea being that the weaker the model, the more powerful the result). A parallel model is considered to demonstrate reasonable (or acceptable) performance if it manages to solve a problem in much less time than possible sequentially. As it turns out, the weakest eligible model is one that computes a simple function of n variables (specifically, the minimum) in time that grows as the logarithm of n. This running time is significantly smaller than one that grows linearly with n (as is the case sequentially) or even n^{1/2} (as is the case with other models of parallel computation). Evidently, a stronger model, that is, one that can compute a function of this sort in constant time (perhaps while using more processors) could also be employed. Such a model would easily meet a constant-time deadline.

4. As described in Section 4, the steepest descent algorithm chooses S(i) among a_{r(i−1),1}(i), a_{r(i−1),2}(i), . . ., a_{r(i−1),n}(i), as the state a_{r(i−1),k}(i), for which d(a_{r(i−1),k}(i), FINISH) is minimum. One further generalization can be obtained by extending the way in which the next state S(i) is computed in the specification of SST. For example, we may have: S(i) = F(a_{r(i−1),1}(i), a_{r(i−1),2}(i), . . . , a_{r(i−1),n}(i)), for some function F. Thus, F may be defined such that S(i) is equal to one of the arguments of F; for instance F may return that state which minimizes the distance to FINISH (as in Section 4). In other cases, S(i) is obtained by combining the values of the arguments of F; for example, S(i) may be the average of these values. Regardless of how F is defined, however, the following holds:

(a) If S(i) is obtained by applying F to all of the a_{r(i−1),k}(i), for 1 ≤ k ≤ n, then m = n. (b) If S(i) is obtained by any other means, then m = 2^n. Specifically, if S(i) is computed by applying F to some of the a_{r(i−1),k}(i)’s, or by choosing S(i) arbitrarily as one of the a_{r(i−1),k}(i)’s then m = 2^n.

It remains as an interesting research avenue to uncover additional practical problems that fit the general framework for real-time computation proposed in this paper.

Acknowledgments

I would like to thank Stefan Bruda, Marius Nagy, and Amber Simpson for several useful comments.

References

[1] S.G. Akl, Parallel Computation: Models and Methods, Prentice-Hall, Upper Saddle River, New Jersey, 1997.

[2] S.G. Akl, Secure file transfer: A computational analog to the furniture moving paradigm, Proceedings of the Eleventh Conference on Parallel and Distributed Computing and Systems, Cambridge, Massachusetts, November 1999, pp. 227–233.

[3] S.G. Akl, Nonlinearity, maximization, and parallel real-time computation, Proceedings of the Twelfth Conference on Parallel and Distributed Computing and Systems, Las Vegas, Nevada, November 2000, pp. 31–36.

[4] S.G. Akl, Parallel real-time computation: Sometimes quantity means quality, Proceedings of the International Symposium on Parallel Architectures, Algorithms and Networks, Dallas, Texas, December 2000, pp. 2–11.

[5] S.G. Akl, Superlinear performance in real-time parallel computation, Proceedings of the Thirteenth Conference on Parallel and Distributed Computing and Systems, Anaheim, California, August 2001, pp. 505–514.

[6] S.G. Akl and S.D. Bruda, Parallel real-time optimization: Beyond speedup, Parallel Processing Letters, Vol. 9, No. 4, December 1999, pp. 499–509.

[7] S.G. Akl and S.D. Bruda, Parallel real-time numerical computation: Beyond speedup III, International Journal of Computers and their Applications, Special Issue on High Performance Computing Systems, Vol. 7, No. 1, March 2000, pp. 31–38.

[8] S.G. Akl and S.D. Bruda, Improving a solution’s quality through parallel processing, The Journal of Supercomputing, Vol. 19, No. 2, 2001, pp. 219–231.

[9] A. Barr and E.A. Feigenbaum, Eds., The Handbook of Artificial Intelligence, Vol. I, William Kaufmann, Los Altos, California, 1981.

[10] A. Bestavros and V. Fay-Wolfe, Eds., Real-Time Database and Information Systems, Kluwer Academic Publishers, Boston, 1997.

[11] S.D. Bruda and S.G. Akl, The characterization of data-accumulating algorithms, Theory of Computing Systems, Vol. 33, January 2000, pp. 85–96.

[12] S.D. Bruda and S.G. Akl, A case study in real-time parallel computation: Correcting algorithms, Journal of Parallel and Distributed Computing, Vol. 61, No. 5, May 2001, pp. 688–708.

[13] S.D. Bruda and S.G. Akl, On the necessity of formal models for real-time parallel computations, Parallel Processing Letters, Vol. 11, Nos. 2 & 3, June & September 2001, pp. 353–361.

[14] S.D. Bruda and S.G. Akl, On the relation between parallel real-time computations and sublogarithmic space, Technical Report No. 2001-446, Department of Computing and Information Science, Queen’s University, Kingston, Ontario, June 2001, 15 pages.

[15] S.D. Bruda and S.G. Akl, Real-time computation: A formal definition and its applications, to appear in International Journal of Computers and Applications.

[16] S.D. Bruda and S.G. Akl, Pursuit and evasion on a ring: An infinite hierarchy for parallel real-time systems, to appear in Theory of Computing Systems.

[17] T.H. Cormen, C.E. Leiserson, R.L. Rivest, and C. Stein, Introduction to Algorithms, The MIT Press, Cambridge, Massachusetts, 2001.

[18] M. Gendreau, G. Laporte, and F. Semet, A dynamic model and parallel tabu search heuristic for real-time ambulance relocation, Parallel Computing, Vol. 27, 2001, pp. 1641–1653.

[19] C.M. Krishna and Kang G. Shin, Real-Time Systems, Mc-Graw Hill, New York, 1997.

[20] H.W. Lawson, Parallel Processing in Industrial Real-Time Applications, Prentice Hall, Englewood Cliffs, New Jersey, 1992.

[21] F.T. Leighton, Introduction to Parallel Algorithms and Architectures, Morgan Kaufmann, San Mateo, California, 1992.

[22] F. Luccio and L. Pagli, The p-shovelers problem (computing with time-varying data), Proceedings of the Fourth Symposium on Parallel and Distributed Computing, Arlington, Texas, December 1992, pp. 188–193.

[23] F. Luccio and L. Pagli, Computing with time-varying data: Sequential complexity and parallel speed-up, Theory of Computing Systems, Vol. 31, 1998, pp. 5–26.

[24] F. Luccio, L. Pagli, and G. Pucci, Three non conventional paradigms of parallel computation, Lecture Notes in Computer Science, 678, 1992, pp. 166–175.

[25] M. Nagy and S.G. Akl, Locating the median of a tree in real time, Technical Report No. 2001-445, Department of Computing and Information Science, Queen’s University, Kingston, Ontario, May 2001, 17 pages.

[26] M. Nagy and S.G. Akl, Computing nearest neighbors in real time, Technical Report No. 2001-448, Department of Computing and Information Science, Queen’s University, Kingston, Ontario, July 2001, 13 pages.

[27] M. Nagy and S.G. Akl, Real-time minimum vertex cover for two-terminal series-parallel graphs, Proceedings of the Thirteenth Conference on Parallel and Distributed Computing and Systems, Anaheim, California, August 2001, pp. 526–534.

[28] N. Nagy and S.G., Akl, The maximum flow problem: A real-time approach, Proceedings of the Thirteenth Conference on Parallel and Distributed Computing and Systems, Anaheim, California, August 2001, pp. 515–525.

[29] J. Pearl, Heuristics, Addison-Wesley, Reading, Massachusetts, 1984.

[30] A. Ralston and P. Rabinowitz, A First Course in Numerical Analysis, McGraw-Hill, New York, 1978.

[31] M. Thorin, Real-Time Transaction Processing, Macmillan, London, 1992.

[32] J.L. Trahan, R. Vaidyanathan, and R.K. Thiruchelvan, On the power of segmenting and fusing buses, Journal of Parallel and Distributed Computing, Vol. 34, No. 1, January 1996, pp. 82–94.